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The natural-convection boundary-layer flow over a semi-infinite heated plate of
arbitrary inclination is studied by first identifying a set of combined boundary-layer
variables and then casting the governing equations into a universal form. The
generalized problem yields the existing similarity solutions for the limiting cases of
horizontal and vertical plates, and describes the gradual transition of the flow
pattern between these two limits at distances from the leading edge which depend on
the inclination angle. Near the leading edge the buoyancy force acting normal to the
plate causes an ‘impulsive’ driving force to the fluid motion along the plate, while
the ‘regular’ driving force exerted by the tangential buoyancy force becomes
dominating downstream. Both the exact and the locally-similar solutions are
obtained and are found to agree well with each other.

1. Introduction

For natural-convection boundary-layer flow over a heated flat plate, similarity
solutions exist (Ostrach 1953 ; Stewartson 1958 ; Gill, Zeh & Del-Casel 1965) for the
limiting situations of vertical (¢« = in) and horizontal (« = 0) inclinations, where « is
the angle of inclination of the plate to the horizontal plane. For a plate with arbitrary
inclination except for very small values of «, most of the existing analyses have
simply adopted the similarity solution for the vertical case, with the buoyant force
being the component of the body force g along the plate. The reasoning being the
anticipated dominance of the body force component along the plate as compared to
that normal to the plate.

There are certain aspects which either are fundamentally unsatisfactory or require
clarification with the above approximation. The first is its inability to describe flows
with small « and the associated transition to large « behaviours. In fact the proper
parametric grouping through which ‘small’ and ‘large’ @ can be defined has not been
identified. Furthermore, since the similarity solutions scale with 2% and % for a = 0
and 7 respectively, where « is the streamwise distance from the leading edge, these
different scalings then clearly imply the lack of similarity for intermediate values of
. The final point to note is that, again because of the different scalings, it may be
expected that the dominance of the streamwise and normal components of the body
force should depend not only on the inclination angle a but also on the streamwise
distance z.

In view of the above considerations, we have developed a generalized formulation
for the natural-convection boundary-layer flow over a flat plate of arbitrary
inclination. The formulation identifies a proper set of boundary-layer variables
through which the relative importance of the body force components can be assessed.

The formulation, analysis, and results are presented in the following.
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572 A. Umemura and C. K. Law

2. Governing equations and preliminary considerations

We consider the two-dimensional, laminar, boundary-layer flow above an
isothermal semi-infinite heated plate of temperature 7' = 7, and inclination angle a.
The otherwise stationary fluid has a temperature 7., and is Boussinesq. The flow
configuration is shown in figure 1. The governing equations are

ou v
—a;'f'a—?; =0, (1)
ou  Ou 10p Q% .
V= Y — T-T
uax+vay pwax+vay2+gﬁ( L)sina, (2)
10p
0=——+gB(T—T,)cosa, (3)
o 0Y
oT  oT T
u-£+1)6§ = K-é?, 4)
subject to
wu=v=0 T=T, at y=0, (5)
u=0, T =T, outside the boundary layer. (6)

Here y is the distance normal to the plate, while w and v are the & and y velocity
components. The kinematic viscosity, », thermal diffusivity, x, and thermal
expansion coefficient, §, are taken as constants for simplicity.

In order to gain further insight into the phenomenon, especially the different
manner through which the normal and tangential components of buoyancy force
drive the fluid along the plate, we integrate (3) to obtain

Yy
p=pwgﬁ(Tw~Tw)(cosa)J 0d?/’ (7)
which when substituted into (2) yields
ou Ou O N
—tr——v— = - — T.—T.) (s
uShr oS T = B~ L) (cost) f 0dy+gf(T,~T,)sina)0,  (8)
T-T,
where 0= T 9)

Evaluating (7) and (8) at the plate surface, y = 0, where the effects of both buoyancy
force components become maximum, we obtain

o0

P(x’?/ = O) = —pooﬂ(Tw_Too)(Cosa)J e(x:y) dy: (10)

0

2 a0
vy = 0) = gB(T, ) cosa) - | O0e.9) dy+gBT~ T bina). (11

0
The physical meaning of (10) and (11) is the following. First, (10) indicates that the
normal buoyant force acting per unit distance of  induces a negative pressure at the
plate surface. The magnitude of this pressure continuously increases downstream
because of the monotonic increase of the thickness of the boundary layer, §, which
is proportional to the integral fff’ 0(z, y) dy for near-unity-Prandtl-number fluids of
interest. This therefore constitutes a streamwise pressure gradient force, —0p/0x, as
represented by the first term on the right-hand side of (11). The second term there
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Ficurk 1. Configuration of the problem.

represents the streamwise buoyant force, which is a constant. Thus both components
of the buoyant force contribute to the motion in the streamwise direction : indirectly
through the normal component and directly through the tangential component.
These two buoyant forces are balanced by the shear stress at the plate surface, given
by the left-hand side of (11).

We further note that since the thermal boundary-layer thickness is expected to
vary with & ~ «™, where § < m <}, its derivative with z, dé/dx, diverges at the
leading edge (x = 0) and decreases to zero as x tends to infinity. Since this term is
represented by the normal buoyant force term in (11), and since the corresponding
tangential buoyant force term is constant, we conclude that, as anticipated earlier
based on scaling arguments, the tangential motion is dominated by the normal
buoyant force near the leading edge and by the tangential buoyant force far
downstream. The transition from the horizontal-plate-like flow to the vertical-plate-
like flow is expected to take place at some streamwise distance x,, which is
determined by the inclination angle a and the strength of the buoyant force
gB(T,—T,) /%

Based on the above considerations, we now present a solution to this problem.

3. Analysis

We consider a dimensionless gauge function of z, é(x). Such a function can be
constructed only through the local Grashof number

_ 3
ar = B —T.)x

) , (12)

so that an appropriate choice of é(x) is
£=an. (13)

We normalize the y-coordinate by using the local boundary-layer thickness d(x),

0= (14)

2 i . .
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Setting the streamfunction in the form

v = v FE ) (16)

(8) is transformed into

P [—,h Gd"]w [dG]hFF” Gk[F’aF ~a—F.F”]
ET; EY; a o of

= —k—a[{aag(kf dﬂ)+3—§-770} cosa+0s1na] (17)

where prime designates differentiation with respect to .

The above equations contain two arbitrary functions i and G. For their
specification, we first require that our solution coincides with the similarity solutions
for the limiting cases of & = 0 and n. This may be satisfied if we put

G = (18)

ENEN

Then, (17) becomes

ri- édh]F,z (15— - Z ]
hdé hdg o of

2_%[{%(” 0d77)+3—§-770}cosa+051na} (19)

so that the coefficients of F> and FF” become constants for any g -power of .

We may define / correctly to express the local thermal boundary-layer thickness,
8. (g) in such a way that the non-dimensional temperature 6(£,7) takes the value of
0.01, say, at a constant 9., = (3‘ g Jh() for any £. This condition, together with the
other boundary conditions relevant closes the problem and enables us to determine
the functlonal form of h(g) simultaneously. But in this case we have to solve (19)
with 4 unknown and there is no advantage over solving the original equation system.
The difficulty in our problem lies in the point that different power dependences of the
boundary-layer thickness at the two limiting cases make it difficult to obtain the
solution which is uniformly valid over the whole domain. We would rather like to
utilize the arbitrariness of the introduced function h to resolve this difficulty.

To specify the arbitrary function h(g) we require that such a specification should
not alter the character of the equation in that changes in the flow variables, such as
h(§) itself as well as the stream function F, should be of the order of unity in the (£,
n)-space. While there may exist a variety of ways to achieve this goal, the following
physically-motivated specification appears to be quite adequate.

We consider (19) evaluated at 9 = 0:

F” g 0) = }—?[dig-[k J:O 0 d’i]] cosa+sin a} , (20)

where F(g 0) and F” g 0) have been assumed zero as confirmed later. If % somehow
represents the local boundary-layer thickness, then F"’(g 0) and fo 6 dy should be
quantities of O(1) over the whole range of £. For the case of o = 0 the similarity
solution assumes 4 = £ which yields —F” g 0) = 0.692 and fo 6dy = 1.83 while the
other limiting case of a = in with 4 = £ results in —F” (£,0) = 0.952 and fo gdy =
1.85. The very small differences between these two pairs of limiting values suggests
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that both quantities have weak dependences on g and may be regarded as constants
to specify h. This assumption is similar to the idea involved in the Pohlhausen
integral method, in which the functional form of ¥ and 6 in y are appropriately
assigned as inputs. Hence, we write

. “
h [A%cosa+sma] (21)
CETdE

This equation approximates (20) in an average sense, but is not equivalent to it.
Therefore, we can use (21) as an additional independent equation in solving (19) even
if  obtained from (21) does not correctly describe the change in the boundary-layer
thickness. The advantage is to make it possible to find a solution to (20) which is
uniformly valid over the whole range since (21), as shown in the Appendix, yields s
with the correct power dependences in the limiting cases of « = 0 and i to bridge
them. Once the solution is obtained, it will be easy to reproduce the actual boundary-
layer thickness from the solution.

We have not yet determined the values of 4 and B. Their choice is immaterial so
far as they are constants of O(1). The degree to which the resulting ) approximates

g) however, depends on the choice. This point may be checked by calculating

% (§)- The better approximated howill yield less change in that value. An appropriate
ch01ce would be to use their mean values, but we may as well set one of them to
be unity without loss of generality because the forms of (19) and the corresponding
heat transfer equation are invariant in the transformation of h, 7 and F to ch, 3/C
and CF, where C is an arbitrary constant. Thus, (21) may be rewritten as

4 A
1= Zbw[Kd—}icosoz+s1noc] (22)
gL dg

We shall first put K = 1 and then proceed to find a best fitting value of K in order

to show how the choice of K influences the degree of approximation of h to b‘T The

influence of K is expected to weaken as a—1n, as shown in (22). Of course, the exact

solution itself is in principle also not influenced by the choice of the K-value.
Thus together with the initial condition

the function 4 is defined. h=0 at £=0, (23)
Finally, the parameter a present in (19) and (22) can be eliminated through the

transformations

e
o

;s (cosa)

£E=

(cosa)

£, h= h. (24)

=L
aleg

(sin o) (sina)

Summarizing, the system of equations to be solved is the following.
Boundary-layer coordinates:

£= [Gr (2) Z::;Z] with Gr = ﬂ'—’lvz_'—”)_’ 25)
¥ v? cosa
Flow variables: 8(x) g/;ETwT T,)sin®a
cosa £
v sina %F(g’ m (28)
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Momentum equation:

4 o)
F [1 2£dh]F’2+[ gdh]FF” h[%J 0d17+3—’£170+0]

hdg hdg £dg
OF" oF 60
=f{|F——=F"— .
| rE, | @
Energy equation:
, Edh] ., _ 30 _oF ,
0" +Pr [l_h_dg]Fg —-Prg[F o agﬂ]. (30)
Auxiliary equation (boundary-layer thickness):
dh
§[Kd§+1] 1. (31)
Boundary conditions:
, _ £d - -
F'(€,0) =0, (1 7d g) (£.0)= § o §0 8(£,0) = 1, (32)
F'(€,00) =0, 0(§ x0)=0, (33)
h(0) = 0. (34)

Solution of the problem can be further facilitated by replacing the second
boundary condition in (32) by

F(£,0)=0. (35)
In fact, integration of the original boundary condition yields
1 1dh
F(£,0) = CeXP[—f(Z—ﬁaz)dg], (36)
where C is the constant of integration. In the limit of £—0, we have h—> £ and
F(£,0) = C£ . (37)

Since the similarity solution for the horizontal-plate case requires the vanishing of
F(0,0), the constant of integration, C, should be zero so that the present solution can
match the similarity solution as £ approaches zero. This establishes the use of (35).

The boundary-layer problem can be considered to be completely specified. There
are two special solutions to this problem. From (25), « ->0 or 37 corresponds to £ —
0 or oo respectively. In these asymptotic limits the above partial differential
equation system reduces to an ordinary differential equation system which governs
the similarity solutions for the horizontal and vertical plate cases (see Appendix).
Another special case of interest is the locally-similar solution defined by setting to
zero all terms involving partial differentiation of ¥ and € with respect to £ in the
equation system.

4. Results and discussions

Both the exact solution and the locally-similar solution have been numerically
obtained for an assumed Prandtl number of 0.72. Figure 2 shows the profiles of the
function 6(£, ), calculated with K = 1 in (31), in which the exact and locally-similar
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FicurE 2. Exact and locally similar solutions of the temperature function 6(£, %) for Pr = 0.72,
calculated on the basis of (31) with K = 1.
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FicURE 3(a). For caption see next page.
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Fiourg 3. () Variations of characteristic thermal quantities with £. , exact solution; ———-,
locally similar solution. (b) Variations of characteristic dynamic quantities with £. , exact
solution; ————, locally similar solution.

solutions are indistinguishable from each other. The local thermal boundary-layer
thickness, d4(£), is derived by multiplying by A(£) the value » = 7(§) at which the
function (£, 5) takes the value of 0.01. Figure 3(a) shows the variations of %, f{,'o 7
dyp and 6(£,0) with £ The exact and locally-similar solutions are again in-
distinguishable from each other, implying that the locally-similar solution is an
adequate approximation of the thermal boundary layer.

Figure 4 shows the variation of 2 with £. In the figure the actual thermal boundary-
layer thickness, dr, is also depicted in broken line for comparison. The solution shows
a smooth transition from the horizontal to the vertical limits. The corresponding
transition of m from £ to } is shown in figure 5.

Figure 6 compares the velocity profiles of the exact solution with the locally
similar solution. The adopted coordinates are normalized by use of the thermal
boundary-layer thickness, so that one can see how the location of the maximum
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FicURE 4. Variation of the ‘boundalryg-layer-lthickness function A(£). In the limits of small and large
£, h approaches the asymptotes (§)5£5 and £, respectively, which are denoted by dashed lines. The
intersection point of the asymptotes is (2)s = 0.295.
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FiourE 5. Variation of the exponent m between the horizontal-plate and vertical-plate limits.

velocity point changes within the thermal boundary layer. The figure indicates a
gradual downward movement of the maximum velocity point in the course of
transition from the horizontal-plate-like to the vertical-plate-like flow. Unlike the
temperature profiles, the velocity profiles show substantial disagreement between
the two solutions in the transition region.

The maximum deviation in F(§, ), F”(£,0) and F"(£,0) shown in figure 3(d) is
about 10%. Thege results are consistent with the greater sensitivity of the velocity
profiles to the buoyancy induced forces, thereby making it more sensitive to
approximations in the analysis.

The functional form of 2 presented above is based on the auxiliary equation (31)
with K = 1. Although the exact solution itself does not depend on the value of K, an
appropriate choice of K-value gives the best fitting of £ with & in their form. The
solutions for K = 2.5, shown in figure 3, appear to provide the best fit among several
tested values. They show good uniformity over the whole range of £, and it was also
found that, in this case, the temperature profiles in figure 2 degenerate to a single
curve in a good approximation.
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Fieure 6. Exact and locally-similar solutions of the velocity function F'(£,%) for Pr = 0.72.
, exact solution; ——~—, locally similar solution.
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Figurk 7. The transition Grashof number, Gr,, as a function of the inclination angle a andupper
and lower bounds on the boundary-layer approximation.
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The transition distance x, at which the flow pattern changes from being horizontal-
plate-like to vertical-plate-like can be taken to be the x at which the magnitudes of
the two buoyancy-force terms on the right-hand side of (11) become equal. The exact
numerical solution gives £, = 0.341, which is closely located at the intersection point
of the two asymptotes in figure 4. The transition distance for a given inclination
angle « is therefore given by

V2 costaf
= oy e o
Figure 7 shows the transition Grashof number, Gr,, as a function of . Above this line
the vertical-plate-like flow pattern is dominant. The very small value of § in (38)
makes the transition distance very small except near a = 0 at which the factor
costa/sinf & becomes large. Thus the flow is vertical-plate-like over most of the plate
length unless the inclination angle is very small. We also note that the transition
point approaches the leading edge as the temperature difference, (7, — 77,)), increases.
The quantities of engineering interest are the distributions of surface heat flux, @,
and shear stress, 7, along the plate. They are given in non-dimensional form by

g, 0) _ 2 cosa %Q

oo [gﬂ(Tw—Tw)sinza] % (39)
F”(g’ 0) _ 2 COS & §T_w

B [gﬂ(Tw—Tw)sinz a] w’ (40)

and can be evaluated from the values of ¢'(£,0), F”(£,0) and A(§) in figures 3 and 4.

The results on the surface heat flux and shearing stress show that they have
greater values near the leading edge for the horizontal plate than for the vertical
plate. This is caused by the different fluid driving mechanisms in these two cases.
That is, while the driving force along the plate is regular for the vertical plate, for the
horizontal plate the driving force, dp/0x, diverges at = 0, implying an impulsive
force acting near the leading edge. As a result, near the leading edge the fluid flows
faster for the horizontal plate than for the vertical plate, thereby resulting in a
thinner boundary layer and greater surface heat flux and shearing stress.

The above behaviour, however, should be qualified on the validity of the
boundary-layer assumption near the leading edge where the value of x becomes
comparable with the local boundary-layer thickness. This lower limit in z for the
boundary-layer assumption to hold can be estimated from the relation z; = d(z,),
which gives 2, [gA(T,, —T,,)/v*]t = (§)5and 1 for & = 0 and In respectively. These values
are compared with the value of x at which the boundary-layer thicknesses for the
a = 0 and 1n cases become equal, given by zg[gB(T,—T.)/v*J} = ). Since x5 < x,,
the boundary-layer behaviour discussed in the previous paragraph is actually
somewhat irrelevant. The dash-dot line near the bottom in figure 7 shows the lower
bound on G7s at various @ when we employ z;(§) = 10h(£) as the limiting case. Below
it the boundary-layer approximation is no longer valid.

There is also an upper limit to . Since the temperature profile within the boundary
layer has negative derivatives in the y-direction for a < jm, the state is not
dynamically stable. The increasing boundary-layer thickness along the plate makes
the local Rayleigh number reach a critical value so that some kind of cellular
convection is expected to take place at distances further downstream. Assuming that
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the variation of the flow field in the z-direction is small compared with that in the
y-direction, we may apply the stability analysis developed for the classical Bénard
problem. The rigorous analysis, however, is not straightforward since the undisturbed
state has a velocity field. Nevertheless, we may expect that this fact does not modify
so much the values of the critical Rayleigh number which is obtained from the
Bénard problem (Deardorff 1965). Thus, using the critical Rayleigh number for the
fixed surface case, Ra, = 1100, say, we may express our stability condition as

gpcose(T, —T.)8 costa
> 2 =

I'(€) Ra P(E), (41)

¢ v  sina
where I’ is a correction factor due to the difference of the problem. Since £ is a
function of the local Grashof number Gr and the inclination angle «, the above
inequality predicts the position of occurrence of instability as a function of a. The
calculated upper bound is shown in figure 7, assuming /"= 1. The same figure
indicates that the transition is observed only at small « in the range of validity of the
boundary-layer approximation.

In particular for a = 0 the critical Rayleigh number is determined from the value
of the critical Gr, consistent with the experimental result by Rotem & Claassen
(1969). Of course, such an instability does not occur for the case of @ = jm. Once the
instability condition is met, the boundary layer may grow rapidly because, in our
problem, the outer edge of the boundary layer is not restricted by any constraint.
This situation is similar to what is observed in the horizontal thermal boundary
layers of the fixed surface convection cell. In this case the instability leads to the
separation into smaller cells.

5. Concluding remarks

In the present study we have successfully obtained a generalized formulation for
the natural convection boundary-layer flow over a heated plate with arbitrary
inclination. The formulation reveals the important physical insight that the flow
characteristics depend not only on the extent of inclination but also on the distance
from the leading edge. Thus, except for the limiting cases of « = 0 and ir, the flow
is horizontal-plate-like near the leading edge and is vertical-plate-like downstream of
it. Furthermore, the driving force for the flow has an impulsive character near the
leading edge but becomes more regular further downstream.

It is also of interest to note the close agreement between the exact and locally-
similar solutions. This is reasonable because the general solution is bounded by two
similarity solutions, and because the boundary conditions remain the same for all
inclinations. The availability of an accurate locally-similar solution, and the
existence of such a locally-similar flow as implicated by it, are expected to facilitate
future theoretical and experimental developments.

Dr 8. Nam assisted in obtaining the numerical solution of an earlier version of the
formulation. This research was supported by the Heat Transfer Program of the US
National Science Foundation. A. Umemura was on leave from Yamagata University,
Japan.
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Appendix

Here we present the self-similar as well as the perturbed equations for @ = 0 and
ir from the generalized formulation.

Recognizing that the right-hand side of (29) and (30) vanish at £ = 0 and oo, let
us first consider their asymptotic form as £—>0. Here, in order to satisfy » =0 at
£ =0, we assume h ~ £*, n > 0. It can then be shown that this function has the
property that as £-0, both dh/df and £2/h® diverge and 1 >n > 0. Using this
property in (31) readily yields

db 1§
which upon integration yields
5\,
={—1 &. 2
h=(me) € (a2
Substituting (A 2) into (15) gives the boundary-layer thickness
5 V2 % 2
Furthermore, (A 3) reduces (29) and (30) to
F"—1F?+3F ”+f 0dp—n0 =0, (A4)
7
G +iPrF¢ =0, (A 5)

which are the self-similar equations for the horizontal-plate case.

In the limit of £ > oo, if dk/d§ is finite or divergent, then k ~ £'*" n > 0, which
results in £2/h® >0 and hence an imaginary value for dh/d§. This contradicts the
original assumption, implying that dk/d£§—0 as £ oo in (31). Consequently

h=g (4 6)
which yields
= L—)—Mfi_—@]‘ at for a =i, (A7)
and casts (29) and (30) into the self-similar form for the vertical case,
F"—iFt4+3FF"+60 =0, (A 8)
G’ +3PrF@ = 0. (A9)

Starting with the above self-similar solution, the perturbation solution from the
horizontal- plate case is obtained as follows. For small £ we may regard f < 1 for h =
(6/2K)? B £ (1+f), and (31) may be linearized to

df 1 ~_ : =g
_dz+(2K> m—(1+f)~ 5f withz = £, (A 10)

which has the general solution

f=- 1(3)( )f+0§‘ (A 11)
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Here the constant of integration, C, must be zero because of the condition f(0) = 0.
Thus, it is expected that F and ¢ as well as f are expanded about £ = 0 in power series
of &. The first terms F, and 6, obey

174 r 7 4 ” 1 ® 1
Fy =F°F1+%F°F1+%F°F1+§EL 0, d77+1—{7701

5 \f 5/((
~ () |- sarsesrz-o42([“oanran)| 12
7

4 4 7 4 6 % 4
01+ Pri3F, 0, —3F, 6, +30, F,] = Pr1—3(2K) F, 6, (A 13)
subject to
F,(0) = F}(0) = F(c0) = 6,(0) = 6;(c0) = 0. (A 14)

where F; and 6, are given by the solutions to (A 4) and (A 5).
Slmllarly for large £ we put b = £i(1+f). The linearized equation for small f gives
the general solution

f = —1texp(— 1 [fg”g'-ﬁexp £)dg +C]. (A 15)

It should be noted that this solution vanishes for any finite value of C as § tends to
infinity. In fact, it is this integration constant that makes the solution connect to the
other limiting solution above. The functions F and 6 therefore cannot be expanded
in a regular expansion form, for example as a power series in £7%, unlike the
perturbation solution from the horizontal-plate case.
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